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1. L e t  us  consider  t h e  d i f f e r e n t i a l  equation: 

- =  dx f ( t , x )  
d t  

where x - x ( t )  E L i s  a n  unknown funct ion (vec tor )  of t h e  independent v a r i a b l e  

t, f ( t , x )  E L, where L is a nonl inear  space introduced by P e r s i d s k i i  (1) . 
L e t  us  assume t h a t  t h e  func t ion  f ( t , x )  is given i n  t h e  region h: 

t - > o ;  I I X I I L ( R  

and is represented  by means of t h e  following sum 

In  (2) &( t ,x )  is def ined f o r  a l l  t > 0; f o r  any x E L(I 1x1 I < -) - 
and s a t i s f i e s  t h e  following condi t ions:  

I. R(t,8) = 8, where 8 is t h e  zero element of t h e  space L; 

11. a ( t , x )  i s  continuous i n  t ( in  t h e  sense of t h e  met r ic  def ined  

on L) ;  .. 
111. a ( t , x )  s a t i s f i e s  f o r  t h e  va r i ab le  x t h e  Cauchy condi t ion  

wi th  t h e  cons tan t  K > 0, 

The func t ion  $ ( t , x )  s a t i s f i e s  i n  the  region h t h e  following condi t ions:  

1. w , e )  = e 

2. $ ( t , x )  is  continuous i n  t ( i n  thesanse  of t he  me t r i c  def ined on L). 

1. 
AH. Kazak SSR > Seria Fiziko - Matematicheskikh nauk, No. 1, 1965, 

K. P. P e r e i d s k i i ,  " D i f f e r e n t i a l  Equations i n  Nonlinear Spaces," < I z v e s t n i a  
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3. + ( t , x )  s a t i s f i e s  t h e  inequa l i ty :  1 
where y( l  1x1 1 )  + 0. f o r  11x1 I +  0; 

4. $( t , x )  s a t i s f i e s  t h e  Cauchy condi t ion 

where B(t) is a continuous func t ion  i n  t o  

In t h e  Sam4 -reg3 n- h t h e '  func t ion  $ ( t  ,x) s a t i s f i e s  t h e  following 

condi t ions.  

a. 

b. 4 ( t , x )  is continuous i n  t ( i n  t h e  sense of t h e  met r ic  def ined on L) 

C .  t+( t ,x)  s a t i s f i e s  a Cauchy condi t ion  similar t o  t h a t  s a t i s f i e d  by $ ( t , x )  

d. I n  the  region h,  $ ( t , x )  s a t i s f i e s  the inequa l i ty  

. . .  . 
t+(t,O) gene ra l ly  speaking i s  not  t h e  zero element of t h e  space Lo 

* .  i i m x )  I I 2 P .  

where t h e  va lue  p > 0 can be f r e e l y  chosen. 

In  t h e  following t h e  func t ion  $ ( t , x )  w i l l  be taken as a cons t an t ly  

a c t i n g  d is turbance .  

2. 

x = y ( t ,  to, x ) of t h e  d i f f e r e n t i a l  equation 

L e t  us  assume, t h a t  f o r  an a r b i t r a r y  i n i t i a l  po in t  ( to ,xo)  t h e  s o l u t i o n  

0 

dx 
d t  - = Il( t ,x) 

s a t i s f i e s  t h e  condi t ion  

(3)  
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for all t > t > 0, where.B 2 1 and a 0 are some constants. 
0 -  - 

Let us first of all notice, that the null solution x = 0 of the 
.f 

differential equation (without disturbance) 

is stable for any small constantly acting disturbance $(t,x), if the 

solution X = X(t,to,xo), going through the point (to,xo) E L of the differential 

equation 

dx - dt = &(t,x) + $(t,x> + +(t,x> (6) 

satisfies the following condition: 

For any given E > 0 and for any given initial time t > 0 there 
0 -  

exist two numbers r - r(c,t ) > 0 and p = P ( E  t ) > 0 
0 S O  

suci. that 
I IxoI IL L r and I l44tsx)l IL f p 

implies that for all t &to 

I IX(tsto’xo) 1 I L  I E 

For specific problems, it will be considered that 

E < R, 
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1 3.  It is  w e l l  known, t h a t  i f  t h e  space L i s  a Banach space uncer cond i t ion  

( 4 )  t h e  n u l l  s o l u t i o n  x = 0 of t h e  d i f f e r e n t i a l  equat ion ( 5 )  is  s t a b l e  f o r  

a c o n s t a n t l y  a c t i n g  d i s tu rbance  + ( t , x l o  This i s  a l s o  t r u e  i n  t h e  nonl inear  

space L, namely: 

I f  cond i t ion  ( 4 )  i s  f u l f i l l e d ,  then * t h e  n u l l  ,solution 

x = e of t h e  d i f f e r e n t i a l  equation (5) w i l l  be s t a b l e  

f o r  cons t an t ly  a c t i n g  dis turbances 4 ( t , x )  i n  t h e  nonl inear  

space Le 

But the method, LT.,ich -z.’inarily i s  csed f o r t h e  proof of showing t h e  s t a b i l i t y  

of t h e  n u l l  s o l u t i o n  of t h e  d i f f e r e n t i a l  equation (5) i n  a Banach space,  does 

n o t  apply f o r  t h e  space L, because of i t s  non l inea r i ty .  
. 

Therefore our proof 

will be based on t h e  Second Method of Lyapunov. 

For t h i s  purpose l e t  u s  consider t h e  real funct ion v ( t , x )  def ined by 

t h e  following e q u a l i t y  

and constructed from t h e  s o l u t i o n  x = y( t , t o ,xo )  of t h e  d i f f e r e n t i a l  equat ion 

(3)  

I n  o rde r  t o  f u l f i l l  condi t ion ( 4 )  t h e  funct ion v ( t , x )  has  t o  be t h e  

s o l u t i o n  of t h e  f u n c t i o n a l  equation 

l i m  v [ t  + A t 9  x + A t  E ( t , x ) ]  - v ( t . x )  - 
A t  -f 0 A t  

and has  t o  be  p o s i t i v e  d e f i n i t e ,  w i th  an i n f i n i t e l y  s m a l l  upper 

t h e  r eg ion  t - > 0, 11x1 I L  < w),, 
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Y 

I n  add i t ion ,  t h e  func t ion  v ( t , x )  s a t i s f i e s  t h e  Caucliy cond i t ion  

I (9) 

where H is  some constant .  

L e t  u s  a l s o  no t i ce ,  t h a t  on t h e  b a s i s  of (8) t h e  t o t a l  d e r i v a t i v e  of 

t h e  f u n c t i o n  v ( t , x ) ,  with r e spec t  t o  t h e  d i f f e r e n t i a l  equat ion (3)  i s  a nega t ive  

d e f i n i t e  func t ion  f o r  a l l  t > 0 and f o r  a l l  x E L and i s  equal  t o  - 1  1x1 IL. - 
b 

Next l e t  us  make an estimate f o r  t h e  t o t a l  d e r i v a t i v e  of t h e  func t ion  

v(t ,x)  w i t h  reFYnrt: t o  +ha d i f f e r e n t i a l  equation (6) one w i l l  have: 

On t h e  b a s i s  of one of t h e  p r o p e r t i e s  of t h e  space L, given i n  [l] one can 

w r i t e :  

where A i s  a c e r t a i n  c o m t a n t  i n  t h e  region h, 

Taking i n t o  account t h e  condi t ions imposed on t h e  func t ions  $ ( t , x )  

and + ( t , x ) ,  t h e  i n e q u a l i t y  (11) gives the fol lowing inequa l i ty :  

From (10) and (12) one w i l l  have 
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- { v [ t  + A t s  x + A t  R( t ,x ) ]  - v ( t , x ) } (  - < (13) 

Therefore  t h e  t o t a l  d e r i v a t i v e  (more p rec i se ly ,  t h e  upper l imi t  o f t h e  t o t a l  

d e r i v a t i v e )  of t h e  func t ion  v ( t , x )  wi th  r e spec t  t o  the  d i f f e r e n t i a l  equat ion 

(6) w i l l  s a t i s f y  t h e  i n e q u a l i t y  

= - 11x1 

W e  w i l l  consider  t h a t  a given number E > 0 can be chosen so small 

t h a t  

and l e t  u s  t ake  a va lue  p > 0 s o  s m a l l  t h a t  

Then on t h e  b a s i s  of (14), f o r  a l l  values  of t > 0 and f o r  - 

w e  wS11 have 
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denote 

L e t  u s  

L e t  u s  now tlirn t o  t h e  choice of t h e  number r > 0, 

I 

For t h i s  purpose 

by m, t h e  lowest value of t h e  funct ion v ( t , x )  f o r  

choose t h e  number r > O(r e E )  such, t h a t  the l a r g e s t  va lue  of v ( t , x )  

I I - E and t > 0. 

w i l l  be  less than m, f o r  11x1 I < r and t > 0, - - 
The e x i s t e n c e  of such a number r > 0 fol lows from t h e  f a c t  t h a t  t h e  

func t ion  v ( t , x )  i s  p o s i t i v e  clefinrte,  arid possessed-df an i n f i n i t e l y  small 

upper bound. 

x - x ( t , t o , x o )  of t h e  d i f f e r e n t i a l  equation ( 6 )  w i l l  s a t i s f y  f o r  a l l  t i m e s  

t > t t h e  ineo*qsl.ity 

I- 

Hence on t h e  b a s i s  of (16) i t  i s  e a s i l y  shown t h a t  t h e  s o l u t i o n  

r O  

where r > 0 and p > 0 are chosen as ind ica t ed  above, 

Indeed i n  t h e  ring-shaped region 

ghe d e r i v a t i v e  v i ( t , x )  w i l l  s a t i s f y  t h e  i n e q u a l i t y  (16), and t h e r e f o r e  along 

t h e  t r a j e c t o r i e s  of t h e  d i f f e r e n t f a l  equation (6) i n  t h e  ind ica t ed  r i n g  t h e  

f u n c t i o n  v ( t , x )  i t s e l f  can only decrease s i n c e  t h e  norm 
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. . .. 
cannot become equal  t o  t h e  number E ,  s ince  m is  the h ighes t  va lue  of t h e  

f u n c t i o n  v ( x , t )  f o r  11x1 I = r and t - > 0, Thus i n  s a t i s f y i n g  condi t ion ( 4 )  

t h e  f u n c t i o n  v(t ,x) determined by t h e  equation (7), i s  a Lyapunov func t ion  

and guarantees  t h e  s t a b i l i t y  of d i f f e r e n t i a l  equation ( 6 )  f o r  members of t h e  

class + ( t , x )  with small higher  order  terms and f o r  cons t an t ly  a c t i n g  d i s tu rbances  

@ ( t , x ) .  

Since t h e  choice of t h e  number r > 0 and t h a t  of t h e  number p > 0 

does n o t  depend on t h e  s e l e c t i o n  of t h e  . i n i t i a l  t i m e  t 

t h e  g t a b i l i t y  !- :qifc.r-, 

> 0, i t  is  shown t h a t  
0 -  


